In this article, we study the magnitude homology of geodesic metric spaces of curvature ≤ κ, especially CAT(κ) spaces. We will show that the magnitude homology MH l n (X) of such a meric space X vanishes for small l and all n > 0. Conseqently, we can compute a total Z-degree magnitude homology for small l for the shperes S n , the Euclid spaces E n , the hyperbolic spaces H n , and real projective spaces RP n with the standard metric. We also show that an existence of closed geodesic in a metric space guarantees the non-triviality of magnitude homology.
Introduction
The magnitude is an invariant of enriched categories introduced by Leinster ( [4] ) as a generalization of the cardinality of sets, the rank of vector spaces, and the Euler number of topological spaces. In particular, for finite metric spaces, magnitude measures the number of efficient points.
The magnitude homology MH l n , introduced by Hepworth-Willerton and Leinster-Shulman ( [3] , [5] ), is a bi-graded Z-module indexed by non-negative real numbers l and non-negative integers n, defined for general metric spaces. As shown by them, for finite metric spaces, the magnitude homology is a categorification of the magnitude in a sense.
Some computations of magnitude homology is studied for graphs by Hepworth-Willerton( [3] ), for convex subsets in R n by Leinster-Shulman ( [5] ), for the geodesic circle by ), and for geodesic spheres by Gomi ([2] ).
Since the motivation and the formulation of magnitude homology is algebraic, several authors study it from a view point of algebra and category theory. On the other hand, its geometric meaning is gradually getting clarified in the study of Leinster-Shulman, Kaneta-Yoshinaga, and Gomi ([5] , [6] , [2] ).
In this article, we study magnitude homology from a viwe point of metric geometry, and clarify that the curvature of metric spaces effects heavily on the triviality of magnitude homology. We also investigate its connection with closed geodesics because magnitude homology is defined as a Hochschild cohomology which is well known to be deeply related to free loop spaces.
Let (X, d) be a metric space. A quadruple (x 0 , x 1 , x 2 , x 3 ) ∈ X 4 is called 4-cut if (1) x i x i+1 for 0 ≤ i ≤ 2, (2) d(x i , x i+2 ) = i+1 j=i d(x j , x j+1 ) for 0 ≤ i ≤ 1, and (3) d(x 0 , x 3 ) < 2 j=0 d(x j , x j+1 ) are satisfied. Let m X be the infimum of the length 2 j=0 d(x j , x j+1 ) of 4-cuts (x 0 , x 1 , x 2 , x 3 ) in X. This invariant is first introduced in [6] and is very important for the study of magnitude homology. We clarify its metric geometrical interpretation by the following theorem stated as Thorem 4.5 in this artcle. The invariant l X measures the infimum length of locally geodesic path which is not a geodesic. See Definition 4.3 for the detail. Let D κ be π/ √ κ for κ > 0 or +∞ for κ ≤0.
Theorem . For a geodesic CAT(κ) space (X, d), we have
The following is stated as Corollary 4.6.
Corollary . Let (X, d) be a geodesic CAT(κ) space. Then for every n > 0 and 0 < l < D κ , the magnitude homology MH l n (X) vanishes.
Since the magnitude homology is defined as a generalization of Hochschild homology of associative algebras in [5] , it is interesting to investigate some relation with the existence of closed geodesics. The following is stated as Thorem 5.3. See Definition 5.1 for the definition of closed geodesics.
Theorem . Let X be a metric space. If there exists a closed geodesic of radius r in X, then we have MH πr 2 (X) 0.
We also study a metric space with bouded curvature which is not CAT(κ). The injectiviti radius ι X is the supremum of r such that any pair of points distance < r apart can be joined by the unique geodesic. The following is stated as Proposition 6.4.
Theorem . Let (X, d) be a proper geodesic metric space of curvature ≤ κ. If the injectivity radius ι X is no greater than D κ , then we have
The systole Sys(X) is the infimum of length of closed geodesics in X. The following is stated as Corollary 6.5.
Corollary . Let X be a cocompact proper geodesic metric space of curvature ≤ κ which is not CAT(κ), or the standard sphere. Then for every n > 0 and every 0 < l < ι X = Sys(X)/2, the magnitude homology MH l n (X) vanishes.
This article is organized as follows. In section 2, we briefly recall some notations and fundamental facts on metric geometry. In section 3, we briefly recall the definition of magnitude homology and some facts on them studied in [6] . In section 4, we study the magnitude homology of CAT(κ) spaces through the invariants m X and l X . We also compute the magnitude homology of some simply connected complete Riemannian manifolds as examples. In section 5, we study how closed geodesic in a metric space effects on the magnitude homology. This is motivated by the fact magnitude homology is defined as a generalization of Hochschild homology in [5] . In section 6, we study the magnitude homology of non-CAT(κ) metric spaces whose curvature is bouded from above through the invariants ι X and Sys(X). We also compute the magnitude homology of real projetive spaces RP n with standard metric as an example.
In this section, we briefly recall some notations on metric geometry from [1] . Definition 2.1. Let (X, d) be a meric space, and c be a positive number. A path γ : [0, c] → X is a linearly reparametrized geodesic connecting γ(0) and γ(1) if it satisfies d(γ(t), γ(s)) = λ|t − s| for every 0 ≤ s ≤ t ≤ 1 and for some λ ≥ 0. When λ = 1 we call such a path geodesic. Definition 2.2. A metric space X is geodesic if for each pair of points a, b ∈ X, there exist a geodesic connecting them. Furthermore, if such a geodesic is unique, then X is called uniquely geodesic.
We sometimes denote a geodesic from some interval connecting a and b in a metric space X, by [a, b]. Let S κ be a simply connected surface of constant sectional curvature κ for κ ∈ R. Note that for every geodesic triangle ∆ abc in a metric space X, there exist a geodesic triangle∆ abc in S κ whose sides have the length precisely equal to the length of corresponding sides of ∆ abc . We also note that if the inequality
then such a triangle is uniquely determined up to congruence.
For a κ-small geodesic triangle ∆ abc , the corresponding triangle∆ abc in S κ is called the comparison triangle in S κ . The following notion of CAT(κ) space plays a fundamental role in this paper. More generally, we have the following.
Hence for example, we have the following examples of CAT(κ) spaces. Let S n κ = {(x 0 , . . . , x n ) ∈ R n+1 | n i=0 x 2 i = 1/κ} be the n-sphere of radius 1/ √ κ equipped with the geodesic metric. Example 2.9. Let n ≥ 2. The n-sphere S n κ of radius 1/ √ κ, the n-dimensional Euclid space E n , and the n-dimensional hyperbolic space H n of sectional curvature −κ < 0 are CAT(κ), CAT(0), and CAT(−κ) respectively.
We denote the circle {(x 0 , x 1 ) ∈ R 2 | x 2 0 + x 2 1 = r 2 } of radius r equipped with the geodesic metric by C r . The following is immediate.
A connected undirected metric graph with no cycles is called a tree.
Example 2.11. Every tree is CAT(0).
We introduce the following notion of the angle.
Definition 2.12. Let c 1 and c 2 be geodesics in X with the same start point C. We define the angle between c 1 and c 2 at C by
The following is fundamental. See for example [1] for the proof.
For a geodesic metric space (X, d), the followings are equivalent.
(i) (X, d) is CAT(κ).
(ii) For every κ-small geodesic triangle ∆ abc , the angles at a, b and c are no greater than the corresponding angles of the comparison triangle∆ abc in S κ .
The following proposition is technical but singnificant in this paper.
Proposition 2.14 ([1] Lemma II.4.11). Let κ be a real number, and X be a metric space of curvature ≤ κ. Let q : [0, 1] → X be a linearly reparametrized geodesic connecting two distinct points q(0) and q(1), and let p be a point in X which is not on the image of q. Assume that for each s ∈ [0, 1], there is a linearly reparametrized geodesic c s : [0, 1] → X connecting p and q(s), varying continuously with s. We further assume that the geodesic triangle ∆ q(0)pq (1) is κ-small. Then the angles of ∆ q(0)pq(1) at q(0), p and q(1) are no greater than the corresponding angles of any comparison triangle∆ q(0)pq (1) in S κ .
We study not only CAT(κ) spaces, but also locally CAT(κ) spaces. We recall some fundamental notions on them.
exist r x > 0 such that the ball B(x, r x ) with the induced metric is CAT(κ).
The following well known fact due to Alexandrov supports the significance for studying metric spaces of curvature ≤ κ. Example 2.17. The standard projective space RP n for n ≥ 2 is of curvature ≥ 1. Furthremore, it is not CAT(1) since a closed geodesic which lifts to the geodesic semi-circle on S n does not satisfy the CAT(1) angle condition.
Definition 2.18. For a metric space X, the injectivity radius ι X is the supremum of r ≥ 0 such that any two point of distance < r is connected by the unique geodesic. The systole Sys(X) is the infimum of the length of closed geodesic in X if there exist some, or 0 otherwise.
The following propositions shows the significance of the notions of the injectivity radius and the systole. See for example [1] 
Preliminary on magnitude homology
In this section, we briefly recall some notations on magnitude homology from [6] . Through this section, (X, d) denotes a metric space unless otherwise mentioned.
The length |x| of n-chain x is defined by
We denote the set of all proper n-chains of length l by P l n (X), and P n (X) denotes the union of them running through all l ≥ 0. Let MC l n (X) be the abelian group freely generated by P l n (X). 
The homology group of magnitude chain complex is called the magnitude homology group of X, and denoted by MH l * (X). Definition 3.4. If the point x i of x = (x 0 , . . . , x n ) ∈ P n (X) is not a smooth point between x i−1 and x i+1 , then we call it a singular point of x. We set the endpoints x 0 and x n singular points. Let ϕ(x) = (x s 0 = x 0 , x s 1 , . . . , x s k = x n ) ∈ P k (X) be the tuple of all singular points of x. We call ϕ(x) the frame of x. A chain x ∈ P l n (X) is geodesically simple if |ϕ(x)| = |x| holds.
Let P F n (X) be the set of all geodesically simple n-chains whose frame is F ∈ P |F| ≤n (X) := ∪ k≤n P |F| k (X). We denote the abelian group freely generated by P F n (X) by MC F n (X). We set MC simp,l n (X) := F∈P l ≤n (X) MC F n (X).
Note that both MC F * (X) and MC simp,l n (X) are subcomplexes of MC * * (X), and we denote their homology by MH F * (X) and MH simp,l n (X) respectively. Definition 3.6. We define m X to be the infimum of the length of 4-cuts in X.
The following theorem is shown in [6] . (2) For n > 0 and 0 < l < m X , MH simp,l n (X) MH l n (X).
(3) For a proper 1-chain F = (x 0 , x 1 ), the natural map
is injective. Note that this definition is equvalent to
We recall the definition of the order complex and its reduced chain complex of a poset. Definition 3.9. Let P be a poset. The order complex of P denoted by ∆(P) is the abstract simplicial complex whose n-simplices are the subsets {x 0 , . . . , x n } of P such that x 0 ≺ · · · ≺ x n . Its reduced chain complex denoted by (C * (∆(P)), ∂ * ) is defined by
x 0 , . . . ,x i , . . . , x n n ≥ 0, 0 n < 0.
The following theorem is also shown in [6] .
Theorem 3.10 ([6] Corollary 4.5). For a proper m-chain F = (x 0 , . . . , x m ), we have MH F n (X) H n−2m (C * (∆ 0,1 ) ⊗ C * (∆ 1,2 ) ⊗ · · · ⊗ C * (∆ m−1,m )), where C * (∆ i,i+1 ) is the reduced chain complex of ordered complex ∆(I(x i , x i+1 )).
Magnitude homology of CAT(κ) spaces
In this section, we study the magnitude homology of CAT(κ) space X. We will show that the magnitude homology MH l n (X) vanishes for 0 < l < D κ and n > 0. Conseqently, we can compute a total Z-degree magnitude homology for some length l for the spaces in Example 2.9, 2.10, and 2.11. For the purpose, we introduce a quantity l X for a metric space X. Recall that the quantity m X is the infimum of the length of 4-cuts in X. (Defitiniton 3.6.)
Proof. We first show the former inequality. Assume m X < D κ . Then there exists a 4-cut x = (x 0 , than D κ , the geodesic triangles ∆ x 0 x 1 x 2 and ∆ x 1 x 2 x 3 are both κ-small. Note that the comparison triangles∆ x 0 x 1 x 2 and∆ x 1 x 2 x 3 are both degenerated because they are on some semi-spheres of S κ . Hecne by the CAT(κ) inequality, the unions of geodesics γ 01 ∪ γ 12 and γ 12 ∪ γ 23 coincide with γ 02 and γ 13 respectively. Therefore the map γ 02 ∪ γ 23 can be defined and is locally geodesic, which is actually a geodesic because of the inequality |x| < D κ ≤ l X as shown in Lemma 4.4. Then we have
, which contradicts that the chain x is a 4-cut. Thus we obtain m X ≥ D κ . Next we show the latter inequality. Assume l X < m X . Then there exists a locally geodesic map γ : [0, c] → X which is not a geodesic and is satisfying l X ≤ |γ| < m X . Take a > 0 as the supremum of the number t such that γ| [0,t] is a geodesic. Let ε be a sufficiently small positive number. Let b > a be the supremum of the number t such that γ| [a−ε,t] is a geodesic. (See Figure 3 .) If γ| [0,b] is smaller than l X , then γ| [0,b] is a geodesic, which contradicts the assumption a < c. Hence we have γ| [0,b] ≥ l X . Note that the proper chain (γ(0), γ(a − ε), γ(a), γ(b)) has no singular points other than end points, but is not a 4-cut because we have γ| [0,b] ≤ |γ| < m X . Similarly, neither is (γ(t 1 ), γ(a − ε), γ(a), γ(t 2 )) for 0 ≤ t 1 ≤ a − ε and a ≤ t 2 ≤ b . Hence we have d(γ(t 2 ), γ(t 1 )) = (a − ε − t 1 ) + (a − (a − ε)) + (t 2 − a) = t 2 − t 1 , which implies that γ| [0,b] is a geodesic. Thus we obtain a contradiction and conclude l X ≥ m X . Corollary 4.6. Let (X, d) be a geodesic CAT(κ) space. Then for every n > 0 and 0 < l < D κ , the magnitude homology MH l n (X) vanishes. Proof. By Theorem 3.7 (3) and Theorem 4.5, we have MH l n (X) |F|=l MH F n (X) for 0 < l < D κ . We show that every interval poset I(x, y) is totally ordered for d(x, y) < D κ , which implies that MH F n (X) = 0 for |F| < D κ by Theorem 3.10. Let a be a smooth point between x and y. Let xy, xa and ay be geodesics connecting each pair of points. Then the geodesic triangle ∆ xay is κ-small since d(x, y) < D κ , hence the point a is on xy. Thus we conclude that xy is the unique geodesic γ 02
x 0
x 1 x 2
x 3 Figure 2 : Description for the proof of Theorem 4.5 For the circle C 1/ √ κ of radius 1/ √ κ and the n-sphere S n κ of radius 1/ √ κ, we have MH l n (C 1/ √ κ ) = MH l n (S n ) = 0, for 0 < l < π/ √ κ and n > 0.
Example 4.8. For the n-dimensional Euclidean space E n , the n-dimensional hyperbolic space H n , and every tree T , the magnitude homology MH l n (E n ), MH l n (H n ), and MH l n (T ) vanishes for all l > 0 and n > 0.
Definition 5.1. Let X be a metric space, and let C r be the circle of radius r. An isometry ρ : C r → X is called a closed geodesic of radius r (or of length 2πr ) in X.
Proposition 5.2. Let (X, d) be a metric space, and let ρ : C r → X be a closed geodesic. Let 0, 1 ∈ C r be a pair of antipodal points. Then the interval poset I(ρ(0), ρ(1)) has at least two connected components.
Take points x ∈ U − {0, 1} and y ∈ V − {0, 1}, and assume ρ(x) ≤ ρ(y) in the poset I(ρ(0), ρ(1)). Namely, we have d(ρ(0), ρ(y)) = d(ρ(0), ρ(x)) + d(ρ(x), ρ(y)).
Since we have ρ(0) ≺ ρ(x) ≺ ρ(1) and ρ(0) ≺ ρ(y) ≺ ρ(1), we obtain
We also have either d(ρ(x), ρ(y)) = d(ρ(x), ρ(1)) + d(ρ(1), ρ(y)) or d(ρ(x), ρ(y)) = d(ρ(x), ρ(0)) + d(ρ(0), ρ(y)).
Hence we obtain d(ρ(y), ρ(1)) = 0, or d(ρ(x), ρ(1)) − d(ρ(x), ρ(0)) = πr, respectively. Each case implies y = 1 or x = 0, which is a contradiction. Hence any pair of points in ρ(U−{0, 1}) and ρ(V −{0, 1}) are uncomparable, which implise the order complex ∆(I(ρ(0), ρ(1))) is not connected.
Theorem 5.3. Let X be a metric space. If there exists a closed geodesic of radius r in X, then we have MH πr 2 (X) 0. Proof. Let ρ be a closed geodesic of radius r, and let ρ(0) and ρ(1) be antipodal points of it. Then for the proper 1-chain F = (ρ(0), ρ(1)), there exist an injection MH F 2 (X) → MH |F| 2 (X) by Theorem 3.7 (3). Furthermore, we have MH F 2 (X) H 0 (C * (∆(I(ρ(0), ρ(1))))) by Thorem 3.10, and Proposition 5.2 implies this is nonzero. Hence the statement follows. (i) X fails to be CAT(κ).
(ii) there exist a closed geodesic of length < 2D κ .
(iii) MH <D κ 2 (X) 0. Proof. By Proposition 2.19, (i) implies (ii). By Thorem 5.3, (ii) implies (iii). By Corollary 4.6, (iii) implies (i).
In particular, the equivalence of (i) and (iii) in Corollary 5.4 gives a criterion of being CAT(κ) for a cocompact proper geodesic metric space ( especially for compact or homogeneous Riemannian manifold ) whose curvature is bounded from above.
6 Magnitude homology of non-CAT(κ) metric spaces of curvature ≤ κ
In this section, we study the magnitude homology of proper geodesic metric spaces by using the idea of injectivity radius and the systole. As a corollary, we obtain a vanishing theorem for magnitude homology of cocompact proper geodesic metric spaces, and give a partial computation of magnitude homology of the projective spaces RP n with the standard metric. Proposition 6.1. For a metric space X, we have 2ι X ≤ Sys(X), and 2l X ≤ Sys(X).
Proof. The former inequality is immediate. For the latter, suppose Sys(X) < 2l X . Then there exist a closed geodesic c : C r → X of length 2πr < 2l X − 2δ for small δ > 0. Then the restriction of c on the interval [0, πr + δ] is locally geodesic but not a geodesic, with length πr + δ < l X . Hence we obtain a contradiction. Proposition 6.2. Let (X, d) be a proper geodesic metric space of curvature ≤ κ. If the injectivity radius ι X is no greater than D κ , then we have For the proof of Proposition 6.2, We use the Arzelà-Ascoli theorem of the following form. Recall that a sequecne of maps { f n : Y → X} between metric spaces is called equicontinuous if for any positive number ε there exists a positive number δ such that d( f n (a), f n (b)) < ε holds for every n and a, b ∈ Y with d(a, b) < δ. Lemma 6.3. Let X be a compact metric space, and {γ n : [0, 1] → X} be an equicontinuous sequence of maps. Then there exist a subsequence {γ n i } which uniformly converges to a continuous map γ : [0, 1] → X.
Proof. See for example [1] Chapter I Lemma 3.10.
Proof of Proposition 6.2. Suppose l X < ι X . Then there exist a locally geodesic path γ : [0, 1] → X which is not a geodesic, satisfying l X ≤ |γ| < ι X . Let 0 < a < 1 be the supremum of the number 0 ≤ t < 1 such that γ| [0,t] is a geodesic. Then γ| [0,a] is a geodesic by the continuity of d. Let 0 < b < 1 be the supremum of the number a ≤ t ≤ 1 such that γ| [a,t] is a geodesic. Then γ| [a,b] is also a geodesic. We linearly reparametrize γ| [0,a] and γ| [a,b] so that the domain of each map is [0, 1]. Let δ : [0, 1] → X be the linearly reparametrized geodesic connecting γ(0) and γ(b). Let γ s : [0, 1] → X be the linearly reparametrized geodesic connecting γ(a) and δ(s) for 0 ≤ s ≤ 1. Note that γ| [0,a] = γ 0 and γ| [a,b] = γ 1 . We show that the maps {γ s } varies continuously with s. Let {s n } be a sequence of points of the interval [0, 1] converging to a point s ′ ∈ [0, 1]. Since a pointwise convergence of equicontinuous sequence is uniformly convergence, we only need to show that the sequence {γ s n } converges to γ s ′ pointwise. If not, there exists a point t 0 ∈ [0, 1] and a positive number ε such that d(γ s n i (t 0 ), γ s ′ (t 0 )) > ε for some infinite subsequence {n i }. Note that the geodesic triangle ∆ γ(0)γ(a)γ(b) = γ| [0,a] ∪ γ| [a,b] ∪ δ and the image of maps {γ s } are contained in the ball B(γ(0), ι X ). Hence the sequence {γ s n i } is equicontinuous because they are linearly reparametrized geodesics contained in a compact set. By Lemma 6.3, there exist a subseqence of {γ s n i } which converge to a path γ ′ connecting γ(a) and δ(s ′ ). Since γ ′ is a geodesic different from γ s ′ , it contradics the uniqueness. Thus we conclude that {γ s n } uniformly converge to γ s ′ . Then by Proposition 2.14, the angles of ∆ γ(0)γ(a)γ(b) are no greater than the corresponding angles of comparison triangle in S κ . Since γ is locally geodesic, the angle at γ(a) is π, hence the comparison triangle is degenerated. Thus the angles at γ(0) and γ(b) are both 0. Since the image of γ| [0,a] is compact and X is of curvature ≤ κ, there exist a positive number α such that each ball B(γ| [0,a] (s), α) is CAT(κ). Let c be the supremum of the number t such that γ| [0,a] and δ coincides up to length t measured from γ(0). By the CAT(κ) condition and the assumption ι X ≤ D κ , we have α ≤ c. By induction, we obtain c = a, hence γ| [0,a] and δ [0,t] coincides up to length a. It implies that δ goes through the point γ(a). Thus the rest part of δ coincides with γ| [a,b] by the uniqueness, which implies that γ| [0,b] is a geodesic. This contradicts the definition of a. Therefore we obtain l X ≥ ι X . Proposition 6.4. Let (X, d) be a proper geodesic metric space of curvature ≤ κ. If the injectivity radius ι X is no greater than D κ , then we have ι X ≤ m X .
Proof. Suppose m X < ι X . Then there exist a 4-cut x = (x 0 , x 1 , x 2 , x 3 ) with m X ≤ |x| < ι X . Let γ 01 , γ 12 and γ 02 be the linearly reparametrized geodesics connecting each pair of points x 0 , x 1 and x 2 . By the similar argument in the proof of Proposition 6.2, the geodesics connecting x 1 and points on γ 02 varies continuously. Then by Proposition 2.14, the angles of ∆ x 0 x 1 x 2 are no greater than the corresponding angles of comparison triangle in S κ . Note that the comparison triangle∆ x 0 x 1 x 2 is degenerated because it is κ-small and x 1 is smooth between x 0 and x 2 , hence x 1 is on the image of γ 02 by the similar argument in the proof of Proposition 6.2. Similarly, we obtain a geodesic γ 13 connecting x 1 and x 3 , and going through x 2 . Then geodesics γ 02 and γ 13 coincide between x 1 and x 2 by the assumpiton m X < ι X , hence we obtain a locally geodesic path by glueing them. The obtained path turns out to be a geodesic since we have |x| < ι X ≤ l X by Proposition 6.2, which contradicts that d(x 0 , x 3 ) < |x|. Corollary 6.5. Let X be a cocompact proper geodesic metric space of curvature ≤ κ which is not CAT(κ), or the standard sphere. Then for every n > 0 and every 0 < l < ι X = Sys(X)/2, the magnitude homology MH l n (X) vanishes.
Proof. For a standard sphere, it follows from Corollary 4.6. For X being a proper geodesic metric space of curvature ≤ κ which is not CAT(κ), we have ι X =
